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Opening

Overview

@ a brief introduction to skew-symmetric distributions
@ stochastic representations and some implications
@ a few important subclasses

@ other interesting properties




Skew-symmetric distn’s

Skew-symmetric distributions: basic construct

Start from a symmetric ‘base’ PDF, and modify it

If
fy a (centrally) symmetric density in RY: fo(x) = fo(—x)
Go univariate CDF, such that G’ is even
w odd real-valued function: w(—x) = —w(x)
then
F(x) = 2 fo(x) Gofw(x)}

is a proper density function on RY.

@ The proof is surprisingly simple (next slide)

@ In practical work include location and scale parameters, dependence
on covariates, etc

R
@ Several variants and further extensions exist. %



Skew-symmetric distn’s
Proof

f(x) = 2 fo(x) Gofw(x)}
The proof that [ f =1 is elementary and instructive.

o take Y ~ fo and W = w(Y).

o for any Borel set A with ‘mirror set’ —A,
P{W e A} =P{-W € A} =P{w(-Y) € A} =P{w(Y) € A}
= W symmetric about 0

o If X ~ Gy, independent of Y, then X — W symmetric about 0.

@ Hence

L=P{X < W} =Ey{P{X <w(Y)|Y}} = /Rd Go(w(y)) fo(y) dy
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Skew-symmetric distn’s
An essentially equivalent formulation

f(x) =2 fo(x) G(x), where G(x) = Go{w(x)}

properties: G(x) > 0 and G(x) + G(—x) = 1, for any x € R7.
Can do the development using G(x) with above properties.
Essentially equivalent constructions.

Work with G is mathematially neater

Actual specification of G is convenient via G(x) = Go{w(x)}
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Skew-symmetric distn’s

An example: perturbed Beta distribution

f(x) =2 fo(x) Go{w(x)}, x € (—1,1)?

fo the product of two symmetric Beta densities in (—1,1),
with parameters a and b

Go the standard logistic distribution function

w let

( ) — Sin(Pl)/I + Pz}’Z)
1+ cos(qiy1 + Gay2)
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Skew-symmetric distn’s

Example (ctd): perturbed Beta distribution

(abp.g)=(2,3.(8,8)(0,0)) (@bpa)=(3,1,(-1,3).(2,1)) (@bp.a)=(3,15,(3,1).(25,1))
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Skew-symmetric distn’s

Important case: The skew-normal distribution (SN)

f(x) =2 ¢g(x; Q) &(a x), (x € RY)
where
o py4(x; Q) denotes Ny(0,Q) pdf, Q a correlation matrix
e ®(.) denotes N(0,1) cdf

e a € R? is a vector of shape parameters

Allow for location and scale: if Z ~ f(-), let
Y=¢(+wZ, (w = diagonal matrix > 0)

Parameters: ¢ (location), Q = wQuw (scale), «a (shape)
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Skew-symmetric distn’s

SN distribution (ctd)




Skew-symmetric distn’s

A general stochastic representation

F(x) = 2 fo(x) Go{w(x)}

want stochastic representation for Z ~ f

e The proof that [ f =1 implies that
Z =YX <w(Y)
if X ~ G', Y ~ fy, independent.
@ When X > w(Y), then =X < w(-Y), and =Y ~ f.

@ Hence

—Y otherwise

S {Y if X < w(Y)

o Alternative proof by direct calculation
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Skew-symmetric distn’s

Perturbation invariance property

Y o~ h(x)
Z ~ 2f(x) Go(w(x))

Y X< w(Y)

@ Recall: Z = )
—Y otherwise

e Corollary: | t(2) g t(Y') for any even function t(-)

@ Lots of implications, including:
e equality of even order moments,
o the same distribution of quadratic forms
o if t is g-dimensional, independence is preserved




Skew-elliptical distn's
Skew elliptical distributions

o elliptical distribution (with 0 mean):

C s -
6(x) = rgiizs Fx 27)

@ broad-sense ‘skew-elliptical’:
f(x) = 2 fo(x) Go{w(x)}, where fy is elliptical

@ narrow-sense ‘skew-elliptical’: start from (1 4 d) dimensional
elliptical variate (Yo, Y) and take

,_ Y ifYy>0
=Y ifYs<O

@ narrow-sense ‘skew-elliptical’ C broad-sense ‘skew-elliptical’
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Skew-elliptical distn's

Skew elliptical distributions (ctd.)

@ (narrow-sense) skew-elliptical variate are build with an
additional stochastic representation

7 Y if Yo>0
-y ifYs<oO
@ And another one:

Zj:5j|Y0|+\/1—512Yj j=1...,d

for suitable d;'s depending on the distribution of (Yp, Y)

@ For d = 2, yet another one

Z =max(Yp,Y)
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Other properties

A wealth of other properties exist

@ Any density function f admits a skew-symmetric
representation:
f(x)+ f(—x) f(x)
f = —-——— G pr—
(%) R OE <
@ Perturbation invariance property is a characterization:

i.e. t(X) 2 t(Y) for all t, then X and Y share the same base
fo in their skew-symmetric representation

@ in the case d = 1, a stochastic ordering of distributions with
common fy and varying G can be established, for suitable G's

@ ...lots more




Closing

a vast family: skew-symmetric distributions (SSD)
the aim is to achieve flexibility, not ‘skewness’
SSD allow a stochastic representation with usefull implications

an important subset: skew-elliptical distributions (SED)

SED family has a stronger structure
and it allows additional stochastic representations

further appealing properties hold, especially for SED
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