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The usual estimate of a distribution Ffunction F, say, is

the ¢« -i 1 . distribution function _ OF): the present paper
. the EDF with another es . ator. The problem is

considered in t . fir. .work of estimation of = g
function of some sta. il.c via simulation, but a good deal
of what follows can be ap .ied for other purposes.

Genr « vy, we deal /f° . diic a1 on fu ¢’ ns which admit
a density ' .ch respect to Le .3gue measure ., fairly often,
there are reasons for bel 2>ving that this density is "smooth",
at least locally. This suggests estimators of F which use this
information, for instance by integrating a nonparametric

-t of 1e 1 ) )



.ag of ° ST '-'11‘), .
is ‘lade by vr mean s va « ror ( SE) ac a = ‘ticular
va. e of x. 7 ectio . I . @ | the JB of ﬁn(x) are
« .2l ed and a rule fc . v e . ¢ 7 dis 1 a1ved.
on 3 e iny S . 7 1s considered. Let us
de. ne v~ 1 ¢ ciwtLle of  as the oo Qb of
P = F(CP) (0<p<1l)
as 2 be = = e e §p by N is the = Ht
of
p=> ") (1)
o paC tate . >f the mean . ~ the . of 1 are given.
Th -esent _ is a shc ~ ver: - of 2 2L « S M.Sc.
_ort — th ; Sl 1 ~ P 1 2 . vlts
E L e In .iivac lar, o ..ors - ined by Kr¢ & and
T. cer ( _38) are couas. ~ . ', . . :_ 1.3 are not reported
he _.
- T - ~
t . be a2 1l w..? .C Jith a so itely ¢ ntinuous
dis. > tic . 7. .t c F and probabi. ty de ty : 11 1 f.
Let ""'Xr : YK .1y and t'Ca .y 3 M 1.ed
rand 1 ve res wit d.o cibut.ol £ _tY L . Let us con-
sic  + (.umators of : .,, cdis . . v . real number,
of the fc..
- n o
~ . :> - S‘“ / l\ (2)
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w(t) = .f w(uw) du .
-

cac owa (0 0D voved w2 137 T ¢ .7 _ons that

Fn(x) is an as 1 ~tic 1ly 1 ..i sed and consistent

esi. or or F(:), 1
lim nvar F ") = (x)( . (x)) .
n- e
T h] I .. n - ~
of w - ¢ i PR -- a 3 i0
see © . 2 % (197 . 45). Howev" 5 B ~ reasc for
choc. . T Tl e 3, e.
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(-) t7 s allc lerical ef ... -y (ii) any reguv” .ty
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(» ) where
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Therefore, if we choose b of the form

0

b=Kn o 0>0)
tt  6=1/3. We note that this .. _ue is
L S I ' {6y L % .y, in
_ raccical sitr ool . ; . choose X . ~ing u and v. The
litere < on 1L €L on is not ..., L ful about

tl.. point. 87 verman (J/_,3}) has given a rule for choos _ b,
br it is . . vieed rc ¢ ar sir 'w . because it

aes v Lomp e o . Of the second de. & ra of the es-

timate for <. 2al values of b and a decision I eye',

An hevr st » argument sugdgests, ' = «=0, where 6 is the
standard dev: on of . e e t L rour 2
fo < I ey . us consider a sp:cial form of w, e.d.
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An MSE of F (W whew  n=1000, dpti  frowm A/ (01)
x ia 85-1 (}mum)fh.fe daai«)l‘
0boo A
0500 4
o4so
b + - . . » b
0 .06 2 3 2y

- 1
99 % Lo‘«.f'\'dbh(). el +p'1 136073



L OG LD

Flquie R

n MSE 4 ﬁjk7 whew  hz . ,

FirmiiRE ¢

o%‘ r-; (3¢) i ‘ - waes J0) .

XL

\'x
' ~
\\\
.
N
1+ - -
-'1 ) . 3
s

S
T -

g5 ~ii.

211

"

N



TARLE 1

Optimum value of K and minimum n MSE when n=1000 and x is

the p-th percentage point

Variable K g n.MSE K/o
p=0.95, Beta (1,1) .3573 .2687 .02960 1.237
Beta (7,2) .3634 .2357 .04109 1.542

Beta (2,5) .2342 .1598 .04261 1.465

Beta (1,5) .2587 .1409 .04290 1.836

Beta (5,5) .1690 .1508 .04228 1.121

Ganma (1/2) 1.1619 L7071 .04375 1.643
Gamma (1) 2.0112 1. -04359 2.011
Gamma (2) 2.5164 1.4142 .04346 1.780
Gamma (5) 3.4781 2.2361 .04331 1.555
Gamma (10) 4.5465 3.1623 .04322 1.438
Gamma (20) 6.0512 4.4721 .04314 1.353
Normal 1.1459 1. .04289 1.146
p=0.05, Beta (1,2) .1887 .2357 .02901 .800
Beta (2,5) L1292 .1597 .04005 .809

Beta (1,5) .0780 . 1409 .02868 .554

Gamma (1) .3988 1. .02846 .399
Gamma (2) .8003 1.4142 .03957 .566
Gamma (5) 1.6657 2.2361 .04178 .745
Gamma (10) 2.7094 3.1623 .04226 .856
Gamma (20) 4.2026 4.4721 .04250 .940



Epanechnikov's ™« nel, - ategral is
)= 0 if tg=-V5,
-3
1 3 t .
S == - - — - v
5t a4 5 75 if 5<t< V5,
= 1 if t> V5,
is kno 1 to have opti 1. prc ties e. it ."7ag the den-

sity function; " - deta: s see, e.g., Rosemblatt (1¢. 1). Let
us f.. av .« of n, say n=1000; =c. us f: 11ly choose a fevw
density functions and find the optimum value of b (and of K)

each case estima’ ng the distribution function at the

5- . and 95-th percentage po * In  pol: 1g these results
the two follc 19 ) al ap imat. > " <« been obta 2d
K= 1,30, = 0.50.,
The f2» __ on¢ is » sed to g .. best rec ___ _. the long
tail of the distribt (which is the most common case in
g =k 2y can + = used over .he whole

range - . . Jure A, * : . and Table 1 .. dc 2ails.,

We .te _.at o . is . frequently the case that the first
two momer 3 of the stec:iistic we are studying > wown., If o

is not known we e-.. 1ate it fr«.' . he sample. Since in simu-

lat ... studies we use large samples, we expect to have
a v y precise estimate of o. “owe . relatively large esti~
mation - ‘ors do not affect ¢ ~.L as'  the results;

Table - gives n -.SE -~ ;ﬂ(L,

X being the p-th percentage point. The fiSE has been - u—

us.ag ... 0=_,3, n=100 _: 1000,

ated using (4) and (5) with .« erical c¢ ..a .0n of Ui & u

&5 Accuracy is full in all cua. .. exCep T7bc. estima... g at

the 5-th per » age poi .. of Gamma(0.5), where only ..~ 2 ¢ gits
' B 1i C '

(“ .. ¢« =F ds to b=0), n. - ,/1-p) Ffor :=ach entry.

Results show that th. L 1el estimator is nearly always
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SUL _.J0r to the xD¥. It [ _ ._ius otl . » w.ta Gar  [0.5)

estimating at the 5-th percentage point, because the density

is sounded (xl, xg).
3. LT I
Let us consider x ““ch is defined by (1). Nadaraya
(- 64) has >3 2 ('.f, unc v TR N e & B V2 11 .ions,
xp is asymptoti. by o 1 owiv o 1 CP i variance
0
2
: )
(§P
-ich is the e asymp.otic ¢c._____ . " _ . _he _._iator
using order ste” :ics.
We <~ 1w  to give clos . app: .. tt: s to the mean
.. o2 ' of xP. s ooous ste.o f1oot 0 owu o tity
|'A ) _g-‘ :0
z o F ( _ 1q(igp)
W, oo
Z:]. ‘Cp)'—p .
If we ._. > tht Jq has two
+ (x -t )F + ;\: - )2 I o~o0 (9)
P P 2" p °p
where ﬁ:;»(gp), ?*r';(gﬁ) anc the _rc..i on sign is
due to a reén’or rariable v 1cl o T " o(Z/n).
Taking the apr :imation sign in (9) as an e uc J anu ex-—
panding the so. cion by e L U e we det
na) E{U) 2 \agg
s(x ) & - + - T + )
P Poe £ 5 £

(10)
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the  u ¢ £. . Ff' is ¢ and » =f. -« < .
- .g (1c, and ( ., (2) : a ( &) g.. J cudy I .
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2 . ~
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et = {a. (o, B¢ - L a
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E(:ﬁ0 )=0(max{1/.. ., b)) T oef. o, is
asy HOtotically optimum b " 1c¢’ . 3’ » for | w1 oy . OB

of : . Correspondingly,
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j(xp_gp - > T 2 1,,  a *
n f £ v
If wnechnikor s ke + 1s used = : . .1 - o" (x)
does not ex.st eve. -re, but . s hu dens to occur - ¢

/

with probey'™ 'y 0. ioreov v, for I rate n, ‘1 is so s .o_th
c. we can deal y.th it as "~ L were " “ferer' able

eve.l. Py - ~d
) ;0o .o1g (lo) & (11)

T . and _ o wvE been C "we o v o1 1 X is a
G ) or a standard Logisiic ra i . vari: .2 JRE

1. ¢ "/3, o L gl w/V3, respectively. In these cases

“ 2 &N C e ~ of - s ac AR > e
£ > 88U > to be » .. o w~actly.
g0 1son & ‘otz ( vol. ~ Pp. ~7) fo. .me ¢ . '1) and
g LW ( /0 2, Pe ) : -~ > Logis' i distribu-—
tion. Res.. et L o so i . C& e L - oa's
coZe LT ve €. ~ e caoealr o, L aey 1 11 in
¢ . cases. = a . . :tries X is re’ o Ller 77 .t = sample
¢ o, i 1%¢ LI a ¢ = deal.

e . LCu..D for (.e o w7 computation of T

Newto . R.,¥3 _ s_.nr ¢ ' be used, i.e. if . 1is an appr-.

mation to : i "h

: "L L)
! P
2 >)
is the n x> a .. 1 i =n. It cé be i.i &l 32 ..th the
sa > e 4 0 .etions ' e been ci_. ¢ out
Ll ey 1k aLr. T 5 two ~ i o suffic -  for
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Tabl: . n . = :stimating the distribution Ffunction at the p-th

Dist hu- p=.05 ' p=e' ~ P=.95
tion plL. ) - .l-p)=. p(l-p)=. 5
K=1l.30 " w50 v1.30 | Jebo :1.3¢ X=0.50
Ne. al 17 . .205| .07562 .080° .04047 , 5
Gamma{l,’2, 2 36 0 ., 606 1923 _. .01 .04212  .04508
Gamme . ) .54426  .06218 . .08428| . 4L .04466
) . ol .03< 0| .07732 .0:¢ 3| .. 080 . 00
a(s) .05758  .O... .07647 .08275| .04024 .04367
Beta(: .) S . .L20| .07307 .07960| .03974 .0 .L20
a(2,5) .C z 2518 .07 7 L0 N L.03¢ .04280
(¢ .0) . .O. O] .0, _J] 0% _.| .03¢88 .0i"59
Beta(7t .) Lo, 02 ' W08 . L072°0| L3 L,03030
Beta' = 1) ’ e L3 WC7 79 7 30 U .01.70
\+ —000)
Norm: ~"05 .0 77| .08193 ,08526) .04305 .04477
cC a 84917 * 1. ,eu'l WC .08755| .. 72 ,04633
G ma(1l) .71826 . 3334 CL. O .08724| .C,.,30 ,04612
Gamma(2) S_UYD .03¢ 6| 08" 5 .,08690| .C._.1 ,04590
« 1a(5) .05030 ! 0 eC zys L08648| . .04562
L) O Fr 4043 | 473070 WCoson| ev e o L
Beta(2,5) .04716 .. 162 .0817_ . | .04272 .U .19
Beta(: 7) N .04074 T2} 75657 .04334 ,04559
> (0 ) .02976 .03920| 06842 ,08170| .G. s,5 403920
3 oy nyd) o] 02, | 08271 r _78] € 23 .04 ,
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